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ABSTRACT 

Recently exact agreement has been found between three-point correlators of (single 
particle) chiral operators computed in string theory on AdS-^ x x with NS-NS flux and 
those computed in the symmetric orbifold CFT. However, it has also been shown that these 
correlators disagree with those computed in supergravity, under any identification of single 
particle operators which respects the symmetries. In this note we resolve this disagreement: 
the key point is that mixings with multi-particle operators are not suppressed even at large 

in extremal correlators. Allowing for such mixings, orbifold/string theory operators and 
supergravity operators can be matched such that both non-extremal and extremal three 
point functions agree, giving further evidence for the non-renormalization of the chiral ring. 



1 Introduction and summary 



Chiral primary operators play an important role in testing the AdS/CFT correspondence. 
Supersymmetric chiral primaries have protected dimensions, and matching between CFT 
spectra at weak coupling and supergravity spectra at strong coupling provided the earliest 
checks of AdS/CFT. 

In the correspondence between A/" = 4 SYM and string theory on AdS^ x , the three 
point functions of 1/2 BPS (single trace) operators computed from supergravity were found 
to match the corresponding correlators computed in free field theory [1] . This indicated the 
existence of a previously unknown non-renormalization theorem for such correlators which 
was subsequently proved, modulo various subtleties, in [2]. Moreover, although four and 
higher point functions of chiral primaries are in general rcnormalizcd, there is evidence that 
extremal correlators, in which the dimension of one operator is equal to the sum of the 
others, are also protected [3]; see also the review [4]. 

It is natural to ask whether similar properties for correlators of chiral primaries hold 
in the case of AdS3/CFT2 dualities. The simplest such case is the D1-D5 system, with ni 
Dl-branes and D5-branes. Here the duality is between type IIB in an AdS^ x x X4 
background, where X4 is either or K3, and a two-dimensional M = 4, superconformal 
field theory; see for example the review [5] . 

The bulk and boundary theories in this case are known to have equivalent moduli spaces 
[6, 7], but they are tractable only at distinct points in the moduli space. In the bulk one can 
work in the supergravity limit, as one does in the case of AdS^ x S^. One can also consider 
the S-dual system without RR fiux, where the string theory is tractable: for Euclidean 
AdSz it is described by and SU{2) WZW models at level A; = 715. The boundary theory 
becomes tractable in the orbifold limit, namely when the SOFT becomes the symmetric 
orbifold theory with target space N = nins copies of X4. Note that the orbifold theory is 
not the boundary theory dual to the weakly curved, weakly coupled RR AdSs x x X4 
background; the boundary theory is a marginal deformation of the orbifold theory, in which 
the orbifold is resolved. 

Whilst the limits in which the boundary and bulk theories are tractable are at different 
points in the moduli space, matching of the spectrum of chiral primaries is still possible. 
Comparison of the spectra obtained from supergravity with those of the boundary theory 
was first carried out in [8, 9]. There were also early attempts to compare three point func- 
tions computed from supergravity with those computed in the orbifold CFT. Extremal three 
point functions were computed in the orbifold CFT in [10, 11] whilst the cubic couplings in 
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supergravity relevant for computing three point functions were determined in [12, 13, 14]. It 
was however noted that these cubic couphngs do not match in structure the extremal three 
point functions computed in the orbifold theory. Only the cubic couplings in supergravity, 
and not the three point functions, were computed in [13, 14]. Computing the three point 
functions is rather subtle, in that systematic holographic renormalization [15] is required to 
obtain the correct correlators, satisfying the requisite Ward identities. 

Moreover, extremal correlators are subject to additional subtleties: the bulk extremal 
cubic couplings vanish, and the corresponding three point functions are obtained from finite 
boundary terms in the action, which in turn should follow from careful reduction of the ten- 
dimensional action [3]. Put differently, one should first include boundary terms in the 
ten-dimensional action such that the variational problem is well-posed for the appropriate 
Dirichlet boundary conditions, and then dimensionally reduce to obtain the effective three- 
dimensional action. 

In practice, it is more convenient to obtain the extremal correlators by analytic con- 
tinuation of the corresponding non-extremal correlators. That is, one defines the extremal 
three point functions as 



C(A2+A3)A2A3 = -^«'T^Ai-»{A2+A3)(CAiA2A3), (1-1) 

where the scalar operator Oa has dimension A, and the non-extremal structure constant 
CA1A2A3 follows from the bulk non-extremal couplings. This analytic continuation was 
discussed in [3] and more recently such a definition of extremal correlators was discussed in 
[16] within the framework of holographic renormalization. Note that this approach implicitly 
assumes that the structure constants are analytic in the operator dimensions, which need 
not be true, given that the latter are discrete. 

Holographically renormalized non-extremal correlators for scalar chiral primaries were 
recently computed from supergravity in [18], and the corresponding extremal correlators 
were then determined via analytic continuation. These extremal correlators were compared 
to those computed in the orbifold CFT. Since only a subset of non-extremal correlators 
of scalar chiral primaries have so far been computed in the orbifold theory, in [11], only 
extremal correlators could be compared. 

A structural disagreement between these correlators was found. To be more precise, 
the single particle scalar chiral primaries in the orbifold CFT are labeled by the 
cohomology of X4, their twist n > 1, and their R symmetry SU{2)l x SU{2)r quantum 
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numbers as 

0O,O _. ^(r)y. ^2,2 _ .^2) 

Here {m,fh) are the eigenvalues of and respectively and (r) labels the (1, 1) cohomol- 
ogy of X4, of dimension h^'^; thus (r) runs from 1 to 4 for and from 1 to 20 for K3. The 
operator dimension A is related to the twist and cohomology via 

A = (n-l+p), (1.3) 

with J = J = being the SO{4) R-symmetry quantum numbers. The cohomology label 
implicitly defines the transformation properties under the SO{h^'^) global symmetry of the 
CFT. 

On the supergravity side one has a set of operators dual to scalar fields in AdS^ which 
are labeled by their dimension A and R symmetry SU (2) x SU (2)ji quantum numbers: 

where A > 1 for O^^^ and A > 2 for O^^^. Here (a) runs from to h^'^ and $ = , S) 
are the bulk scalar fields, which couple to these operators. Of the {h^'^ + 1) operators O^^^ 
one transforms as a singlet under the SO{h^'^) global symmetry and the remaining h^'^ as 
a vector. O^^^ is also a singlet under the SO{h^'^) symmetry; see [9] for further details, 
and tables of the operators. 

Already from (1.2) and (1.4) one can see a subtlety in comparing correlators: the identi- 
fication between orbifold CFT operators and those dual to supergravity fields is not unique, 
since the protected quantum numbers of dimension, R symmetry charge and the SO{h^'^) 
global symmetry leave some degeneracy. Given that Cf^^ is absent, a natural identification 
between orthonormal operators is 

^nmm '^(n+l)mm' 

and it is this identification which has been assumed in previous literature, but any linear 
rotation of this identification such that 

{n—l)mm ) \ (n— 2)mm / 

with M. an arbitrary SO {2) matrix also respects the symmetries and orthonormality. 
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The result of [18] was that there is a disagreement in the extremal correlators for any 
choice of M . The disagreement is structural in that for any such linear identification many 
more of the correlators arc non- vanishing in the orbifold theory than in supcrgravity. Such a 
disagreement is a priori perhaps not surprising: the computations arc at different points in 
the moduli space and there is no known non-renormalization theorem. Even in the = 4 
SYM theory, which has thirty-two supercharges, the non-renormalization of the analogous 
three point functions is rather subtle and the proof requires assuming the absence of certain 
conformal invariants [2]. Renormalization in this case, with only sixteen supercharges, is 
not a priori excluded, particularly as the orbifold theory is a marginal deformation of the 
actual boundary CFT. 

However, recently three point functions of chiral primaries were computed in the NS-NS 
AdSs X X X4 background using the WZW model description of the worldsheet theory. 
In [23] extremal three point functions of all single particle chiral primaries were computed, 
whilst in [22] non-extremal three point functions for operators in the family were 

computed. Later in [24] the calculations were extended to non-extremal three point func- 
tions of all chiral primaries. All of these correlators agree exactly with those computed in 
the orbifold CFT, although let us recall that in the latter only a subset of the non-extremal 
correlators have so far been determined. 

That computations at different points in the moduli space agree indicates that there is 
indeed a non-renormalization theorem protecting these correlators, but at the same time 
raises the puzzle of why the extremal correlators computed from supcrgravity did not agree 
with the orbifold CFT (and hence the string) computations. Whilst it is undoubtedly 
interesting to find that there is a non-renormalization theorem protecting these correlators, 
it is arguably more important to understand whether there is any unresolved subtle issue in 
comparing supcrgravity and dual field theory results. The reason is that in many situations 
in gravity /gauge theory dualities one wants to use the supergravity description as a tool to 
compute the strong coupling result, exactly, when no non-renormalization theorem applies. 

In this paper we will resolve this issue, and explain how the supergravity correlators are 
reconciled with the orbifold CFT and string theory correlators. The conclusions are the 
following. All non- extremal thiee point functions computed via supergravity agree precisely 
with those computed via string theory provided that the matrix M is such that 



for A = (n— 1)>2. This agreement provides further evidence for the non-renormalization 




(A + 1)1/2 _(A- 1)1/2 

(A -1)1/2 (A + 1)1/2 



(1.7) 



5 



theorem. Note however that the correspondence between supergravity operators and those 
in the orbifold CFT is not the naive relation one might have anticipated: Ai is not diago- 
nal. This explains the early observation that the cubic couplings in supergravity look very 
different from the structure constants in the orbifold CFT three point functions. 

As discussed in [18] such a linear map between supergravity and orbifold CFT operators 
is not sufficient to obtain matching for all the extremal correlators. To understand how this 
issue is resolved, one needs to recall the large N scaling behavior of correlators: the key is 
that extremal non-linear operator mixings are not suppressed in extremal correlators [3]. 
Thus one can consider an identification between orbifold CFT operators and supergravity 
operators of the form 

^Amm ^ ^Amm + XI ^■^:i^A\mimP(A-Ai){rn-mi){m-mi) ^ ' (-^•^) 

i,j 

where bij are certain N independent coefficients and the ellipses denote subleading terms 
in N. Such a two particle term contributes at leading order to certain extremal three point 
functions, but only at subleading order to non-extremal three point functions. Thus with 
suitable choices of bij one can match the extremal correlators computed in supergravity 
with those computed in string theory and the orbifold theory. 

The physical interpretation of such non-linear mixings is that single particle string and 
orbifold CFT operators do not correspond to single particle supergravity operators. At first 
sight this may seem surprising, since one might have anticipated that the string worldsheet 
vertex operators for supergravity modes would correspond to single particle supergravity 
fields, as they do in fiat space. However, there is no contradiction: the matching between 
supergravity fields and string vertex operators is defined by taking the limit of the string 
computations of n-point functions, and comparing with the corresponding supergravity 
computations. Thus the comparison made here is the correct way to define the relationship 
between operators dual to supergravity fields and string vertex operators. 

So, to summarize, the non-extremal and extremal three point functions computed in 
supergravity, in string theory and in the orbifold theory agree provided that one correctly 
matches operators and takes into account certain extremal non-linear operator mixings. 
Matching of the correlators determines the map between supergravity and orbifold/string 
theory operators, where quantum numbers alone do not uniquely determine it. 

One might wish to explore whether other correlators are protected by non-renormalization 
theorems. In the analogous case of A/" = 4 SYM, there is evidence that extremal (and next 
to extremal) n-point functions of chiral primaries are similarly protected, see [4], and thus 
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it is possible that all extremal correlators in this case too will match between string theory, 
the orbifold CFT and supergravity. Note however that general non-extremal n-point func- 
tions for n > 4 are not protected even in = 4 SYM, and are thus unlikely to be protected 
in this less supcrsymmetric system. Comparison of the extremal correlators will again be 
subtle since non-linear operator mixings may contribute at leading order. That is, in an 
extremal n-point function mixings of the type 

^ n— 1 

+ + - (1-9) 

i=l 

with Aj = A are not suppressed. 

An important open issue is to understand better when there are non-renormalization 
theorems for correlators. The (almost) proof of the non-renormalization of three point func- 
tions in A/" = 4 SYM relies on sophisticated harmonic sTipcr space techniques. In this case 
one should be able to use the 2(i TV = 4 supcrsyninictry to explain the non-renormalization. 
However, an understanding of the non-renormalization from the bulk supergravity per- 
spective would more immediately generalize to other AdS/CFT dualities. Such a non- 
renormalization theorem in the bulk would involve arguing that a' corrections to the onshell 
renormalized supergravity action do not contribute to the correlators. 

The above discussion relates to three point functions of chiral primaries associated with 
single particle supergravity fields. Given that these appear to satisfy a non-renormalization 
theorem, with appropriate operator mixing taken into account, it seems very likely that 
all three point functions of multi-particle chiral primaries are similarly protected. In the 
analogous case of A/" = 4 SYM, there is indeed evidence for this, from both harmonic super- 
space considerations [2] and more recently from the holographic analysis of LLM bubbling 
solutions in [20]. 

If indeed all three point functions are protected, then an immediate consequence would 
be that vevs of chiral primary operators in states created by other chiral primaries are also 
not renormalized. Now in [17, 18, 19] such vevs were used to test the proposed correspon- 
dence between 1/2 BPS D1-D5 fuzzball geometries and superpositions of RR ground states. 
Non-renormalization of the vevs can be used to push this correspondence much further, as 
will be explored in a separate publication. 

The plan of this paper is as follows. In section 2 we review the results of the supergravity 
computation of three point functions, whilst in section 3 the results of the corresponding 
string theory computations are reviewed. In section 4 the non-extremal correlators are 
found to match, with an appropriate linear identification of operators. In section 5 it is 
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shown that additional non-hnear terms in this operator identification are needed to obtain 

matching of extremal correlators. 



2 Supergravity computation of correlators 

In this section we will review the holographic computation of three point functions of single 

particle scalar chiral primaries. These correlators are computed by perturbing about the 
AdSs xS^x X4 background, where X4 is or K3. There are three distinct families of scalar 
chiral primaries associated with the {p,p) cohomology of X4 with p = 0,1,2 respectively. 
The operators couple to the following scalar fields in AdS^: 

Ski; S^?; Eki. (2.1) 

Here {k,I) denote the SO{4) R symmetry labels: k is the degree of the associated 
scalar spherical harmonic and / denotes the remaining Dynkin labels. Expressing SO (4) = 
SU{2)l X SU{2)ji, appropriate labels are the Jf^/j^ charges {m,m). The middle cohomology 
of Xi is labeled by (r) = 1, • • • h}'^{Xi{) where h}'^ is four for and twenty for K3; this 
label defines the field transformations under the global SO{h^'^) symmetry. 

Up to the overall normalization factor, the kinetic terms for these fields are canonically 
normalized, namely the bulk action is 

S = —jd^xV^{RG + 2-^iiDSkif-kik-2)iSkif) (2.2) 
-'^{{DS^^f - k{k - 2){SS?) - Umkif - k{k - 2)EIj) + ...). 

The overall normalization is proportional to the integer N = n\n^. Note that the mass 
terms are such that the scalar fields associated with degree k harmonics couple to operators 
of dimension k. For the S fields A; > 1 whilst for the S fields k>2. To calculate the three 
point functions one also needs the appropriate cubic couplings computed in [12, 13]. These 
are given by 

/ t^^^V^(ri235(")^5(")2s3 + t/isaS^S^E^); (2.3) 



167r7 \^V(^i + l)(^2 + l) (fei + 1)(/C2 + 1) 6V(fei-l)(/e2-l) 

S(E + 2)(E-2)aia2a3ai23 



^123 = 



(fc3 + l)v/fcl/C2A:3(/C3-l) 



where ki denotes the dimension of the operator dual to the field S = A;i + A;2 + ^3, 
a\ = ^{k2 + ks — ki) etc and 0123 is shorthand for the spherical harmonic overlap. Here 
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the label (a) = 1, • • • h^'^{X4) + 1 = n includes all S fields. Compactification of type IIB 

on X4 gives rise to a theory with SO{n) symmetry, and the cubic couplings respect this 
symmetry. Note however that is an accidental symmetry: only the SO{h^^'^^) symmetry is 
respected by the orbifold CFT and string theory three point functions. 

The (rcnormalized) correlators can be computed using standard holographic renormal- 
ization techniques. The two point functions are [18]: 

Kt(^)o£lmh = ^ih-ir(^-^^ji,ijk,k,s^''^^'^; k^i (2.4) 

where O^^"^ and denote the operators dual to S^""^ and S respectively. The subscript R 
indicates that the expressions are renormalizcd whilst the subscript h in these and subse- 
quent expressions denotes that these are the holographically computed correlators. When 
k = 1, (A; — 1) ^ 1 in the first expression; recall that there is no = 1 operator 0-£. 
The three point functions are [18]: 



(0^(xi)0^(x2)0^(x3))ft 

W123 



3iV WU3U123 

47r^ \xi — X2p"^|xi — X3p"2|^2 — Xsj^"! 

r(Qi)r(a2)r(a3)r(i(s-2)) 



T{ki - i)T{k2 - i)r(fc3 - 1) ■ 

Here the operator at position Xi has dimension ki and 50(4) R symmetry labels J^. 

To compare with the orbifold CFT and string theory computations one wants normalized 
three point functions, dividing out by the norms of the operators as given by the two point 
functions. Suppressing the standard position dependence, this gives: 

^^5(»)^5(^)^E^^ ^ -l=WusT,236(<^^('^; (2.6) 



Wi23 



2N 

r(ai)r(a2)r(a3)r(i(E-2)) 



T{ki)T{k2)T{k3) 

where O denotes the unit normalized operators. The remaining correlators vanish 

^^sw^sc^^^w^^ ^ (o^^'^'a^a^)/, = 0, (2.7) 

regardless of the operator dimension. 

For later purposes it will be useful to give explicitly extremal correlators in which one 
of the ai = 0. These are defined as the continuation of the expressions (2.6): the pole in 
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Wi23 as one of the — *■ cancels a corresponding zero in the bulk couplings (T123, U123) 
to give a finite limit. The relevant normalized extremal three point functions are thus of 
three types: 



^fe )^ - ^ ^k^ + l^^k2 + l)iki+k2-iy 



s.AE\ _ ai23 {kf + ki + {ki + k2y - 2y / kik2{ki + k2) 



ViV + l)(fe2 + 1) Y 2(A;i-l)(A;2-l)(A;i + A;2-l)' 

Note that the triple overlap 0123 = 1 when the operator with maximum dimension also has 
SO{2) R charges which are minus the sums of the SO{2) charges of the other operators. In 
particular that the extremal correlators at lowest dimension are: 

(Of of = <5(»)W^; {dt'^dt'df')H = 0. (2.9) 

v N 



3 String theory/orbifold CFT correlators 

In this section wc will review the results for the corresponding correlators computed in 
string theory and the orbifold CFT. Not all non-extremal correlators have been computed 
in the orbifold CFT, but those which are known agree with those computed via the string 
theory, as do all extremal correlators. Here we summarize the results of [22, 23, 24] for 
the string theory computation of three point functions of scalar chiral primaries. Note that 
general three point functions involving vector chiral primaries associated with the (0, 2) 
and (2,0) cohomology of X4 are also given in [23, 24]. We will not consider these here, 
since the corresponding holographic correlators have not been computed, but it should be 
straightforward to extend our discussions to these operators. 

The scalar chiral primaries are labeled by the {p,p) cohomology of X4, their twist n> 1, 
and their R symmetry SU{2)l x SU{2)ii quantum numbers as 

Here (m, fh) arc the eigenvalues of J'^ and J'^ respectively and (r) labels the (1, 1) cohomol- 
ogy of X4, of dimension h^'^; thus (r) runs from 1 to 4 for and from 1 to 20 for K3. The 
cohomology label is equivalent to giving the transformation properties under the SO{h^'^) 
global symmetry. The operator dimension is given by 

A = (n-l+p), (3.2) 
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with J = J = ^A. These operators are orthonormal 

with the subscript s denoting that these are string theory correlators. The three point 
functions can be conveniently expressed as 



(^nimimi^n2'm2m2^n3m3m3)s ~ rr7rfLi{Ji-,'mj)L[Ji,mi)- 



//nMl.l . _ _J_s:{r){s)T( J. ^AT(j. - N ( nin2 \ 

V-'v \ ^3 J 



1/2 



(3.4) 



where e = — 1) for p = 0, 2. Here 

- d^,,^,,„3r?j, 1^ (2Ji)!(2J2)!(2J3)! J ' ^"^"^^ 

with ai = J2 + Js — Ji = ^{^2 + A3 — Ai) etc and 

*^mi,m2,m3 ~ | 1 ) (^-S) 

\ mi m2 ma / 

are the SU{2) 3j symbols. Note that ^7(1) R-charge conservation enforces that m\+m2 + 
= mi + 7712 + fhs = in the correlators. 



4 Matching non-extremal correlators 

Let us now consider the matching of the correlators (2.6), (2.7) and (3.4). The most general 
linear identification of operators which respects the S3mimetries is 

/ £,0,0 \ 
= M ■ (1.1) 

y {n—2)mm / 

for an arbitrary SO{2) matrix A4. Here we denote by operators which for non-extremal 
correlators are to be identified with the holographic operators O*. For extremal correlators 
we will need to refine the map between these operators and the holographic operators. 
The matrix M is completely fixed by the vanishing of the correlators 

(OW''0^'^') = 0, (4.2) 









nmm 






(n— 


■l)mm 1 


f 




(n- 


-l)mm J 
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which implies 



^ 1 ,A + 1)V. -,A-1)./. ,4.3, 
V2A \ (A -1)1/2 (A + 1)1/2 ' 



for A = (n — 1) > 2. Clearly there can be no operator mixing at A = 1, sinee there are no 
dimension one operators; this is hence a special case which will be discussed separately. 

Having determined M, there is no further freedom in the operator identification and 
one can check whether the remaining correlators agree. Forming the appropriate linear 
combinations of the string theory correlators (3.4), one finds that 

(O^'-'O^'^'O^^'^'), = 0; Ai^l, (4.4) 
(0^^"'0^0^), = 0; Ai / 1, 
(O^O^'^'^O^'^^). = -^L( J„ mOL( J., i (4-5) 

(O^O-O-). = 2((A^tt)(lfjr))V2 <^'^''"'^'''^- ^'-'^ 
Here the subscript s denotes that these are linear combinations of the correlators computed 
in the string theory. 

Now let us compare these correlators with the holographic correlators (2.6) and (2.7): 

the zeroes given in (2.7) are reproduced (except in the special cases involving dimension 

one operators). Moreover, using (2.6) and noting that 

3^123 _ (Af + Ai + Ai-2) 
r23i 2((Ai-l)(Ai-l))V2' 

one sees that the ratio given in (4.6) indeed agrees with that from supergravity. Thus one 

need only compare the overall normalization of (4.5) with that of the supergravity correlator 

for all non-extremal correlators to match. Noting that 

!(Ji + J2 + Ja + 1)! VA1A2A3 2ai23 
123 231 - (2Ji)!(2J2)!(2J3)! (Af - 1)V2 ((Ai + 1)(A2 + 1)(A3 + l))i/2 ' 

(4.8) 

the holographic correlator (2.6) can be rewritten in terms of the string theory correlator as 

P^QSi^^QSi^X 1 0123 

Triple integrals of spherical harmonics can be expressed in terms of 3j symbols; in particular 
the triple overlap 0123 can be written as [25] 

ai23 = VWdilr!^,UdiM%sii'^Ji + l)(2-^2 + 1)(2J3 + l))^/^ (4.10) 

and thus the normalization of the holographic correlators precisely matches that of the 
string correlators! 
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5 Matching of exceptional extremal correlators 



The linear matching between supergravity and orbifold CFT operators is sufficient for all 
non-extremal correlators, and most extremal correlators, to match. There remains however 
a discrepancy for correlators involving dimension one operators, where no linear mixing was 
possible. 

For correlators which involve at least one dimension one operator, some agree with the 
holographic results, namely 

(Oi^Or^og^), = 0; (5.1) 



f'otX = ^L(J.,...)L(J„^.)5«(^)^||^: 



?Oi^Oi3), = ^L(Ji,m,)L(Ji,m,,^^2_i)i/2' 



but the rest do not: 



L{Ji, mi)L{Ji, fhi); (Of Of O^), = -y=L{Ji, mi)L{Ji,m. 



N VN 
l)fof>f;^), = -l=L{Ji,mi)L{Ji,mi)(^^X' ; (5.2) 



N 

SfOi^Oig), = -^L(Ji, mi)L{Ji, m^) VA2A3; 

DfO^OL). = 7r^HJi,mi)L{Ji,fhi) ^^^. ^^^,,J Ai + Ai-l) 



2V2N^'"'' ((Ai - l)(Ai - 1))V2 

with the corresponding holographic correlators being 



{dfdi^di;)h = (ofoi;"oi30ft = (ofo^,o^3);, = o; (5.3) 
1 2 



{6f6fd^)h = -^ai23 = ^=L{Ji,mi)L{Ji,mi). 

v -/V V sjy 



Note that all these correlators are extremal because the spherical harmonic triple overlaps 
are only non-zero when A3 = (A2 =b 1). This follows from the addition of SO{A) represen- 
tations 

1 1\ ^ /A2 A2\ fA2±l A2±l\ 

(5.4) 



2' 2/ \ 2 ' 2 J \ 2 ' 2 
Whilst the extremal holographic correlators are (by construction) the analytic continuation 
of corresponding non-extremal correlators, the string theory correlators in (5.2) are not the 

analytic continuation of corresponding non-extremal correlators given in (4.5). As we will 
now explain, this apparent discrepancy between extremal correlators can be resolved by 
allowing for non-linear operator mixing. 



13 



5.1 Large N behavior of correlators 

Let denote the operator of dimension k and SO{2) R charges {k/2,k/2) dual to the 
supergravity field where $ = (S'*^"^ S). Now denote by 



the associated protected n-particle operators, with dimension k = ki and R charges 
{k/2, k/2). Here [O** • • •] denotes the highest weight component of the direct product of 
50(4) representations. 

The operators transform in the same 50(4) representation as the single particle 

operators and therefore one would anticipate that there is operator mixing. Although 
generically operator mixing with multi-particle operators is suppressed in the large N limit, 
this is not true for operators transforming in the same representations. One can understand 
this from large N counting arguments as follows. 

Consider first correlation functions of single particle operators. The two and three point 
functions computed from gravity scale as AT, as given in (2.4) and (2.5), so the normalized 
two and three point functions scale as one and I/s/N respectively. Four point functions 
include both disconnected and connected contributions. The former scale as and are 
such that 



where the ellipses denote permutations and numerical factors are suppressed. The scaling 
as follows from the fact that these disconnected contributions are the products of two 
point functions. Working with unit normalized operators, the disconnected contribution 
to the four point function thus scales as one. Connected contributions to four point func- 
tions however scale as N or, working with unit normalized operators, as 1/N. Note that 
holographic computation of the connected contributions involves both the cubic and quar- 
tic couplings, whilst the disconnected contributions follow entirely from the (renormalized) 
quadratic action. 

Now let us consider correlation functions involving multi particle operators. In partic- 
ular, one can read off the large N behavior of correlators involving double particle opera- 
tors from the single particle correlators discussed above. The operator product expansion 

^fc^ (^i)^*^(^2) contains the term 



n 




n 



(5.5) 




(5.7) 
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with unit coefficient as xi X2 since tfie double particle operator is defined by the short 
distance limit. Thus from the xi X2 behavior of correlators one can extract the N scaling 
of mixed correlators involving both single and multi particle operators. Working with unit 
normalized single particle operators this gives 

{6l^'ix^)[6l^{x2)6l'{x2)]) « (5.8) 



{[df'{xi)dtli{xi)]^dt;'{x2)dl^{x3)) ^ (^ifcij^i^s^fa** +5/fe^$i$4^<I'2*3). 

{[6f^{x,)6tli{x^)]^dt^^{x2)dt:{xs)) ^ ^; ly^h,k2; 

{[df'{xi)d^il{xi)]''[dl'{X2)dl'{X2)]) ~ (<5'fel^*l*3<J*2*4 +^ifc2^*l*4^*2*3). 

{[df\x^)dtl,{x,)ndl^{x2)dt:{x2)]) ^ ^; l^h,k2. 

where in all cases k = ki + k2, and thus the correlators are extremal. The (standard) Xj 
dependence of the correlators is suppressed. Here structure constants C^^l^ follow from 
the extremal single particle correlators given in (2.8). The second and fourth correlators 
follow from the disconnected components of the four point functions, whilst the third and 
fifth correlators pick up contributions only from the connected components and are thus 
subleading. 

This large N counting demonstrates that operator mixings which are extremal are not 
suppressed in extremal correlators. That is, suppose one considers operators such that 

(^Ju) = ^l\k. + ^Kii [ot:ot:] + • • • > (5-9) 

where the ellipses denote three particle and higher mixings. Then by construction 

((^*:)^(<')> = ^"^"'^k.k. + oi^y, (5.10) 

1 :^„h^ / 1 



Thus to leading order in TV the mixed operators have the same two point functions as the 
single particle operators, and their three point functions still scale as l/\/iV. However, the 
structure constants are modified: C^^^ — C^^^. Note that the N scaling of the m-particle 
term in the mixing (5.9) is 1/iV"*/^ such that the n-point functions of the mixed operators 
scale as iV(i-"/2). 

In the case at hand, for the exceptional extremal holographic and string correlators to 
agree, one needs the following quadratic operator mixings: 

Oi^ = + — ^L(Ji,mi)L(Ji,mi)Ofaf + •••; (5.11) 
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O' 



'a+1 



'a+1 



'A+l 



Of 



+ "^^^ ^ L{J,,m,)L{J,,fn,)dfdt' + • • • ; 




Of + -7=MJi, mWi, fhi)dfdf + ■■■■ 



Oi+i + ^ ^ ' L{J,,mi)L{Ji,fhi)dfdi + ■■■■ 



where in the latter three cases A > 2. The eUipses denote additional potential mixings, 
which include both two particle operators involving vector chiral primaries and n-particle 
operators with n > 3. 

Several computations could in principle be used to verify the consistency of these oper- 
ator identifications. Firstly, one could compute finite corrections to the supergravity and 
string theory /orbifold CFT two and three point functions, although on the supergravity side 
this is currently intractable since only a subset of the requisite corrections to the eflcective 
action are known. Secondly, one could compute correlation functions for operators in the 
same supermultiplets, which are dual to other supergravity fields. These should also be pro- 
tected, and the operator identifications required for supergravity and string theory /orbifold 
CFT correlations functions to agree should descend from those given in (5.11). 

As previously mentioned, it would be interesting to understand the non-renormalization 
better, both from the perspective of the 2d A/" = 4 CFT and from supergravity. This could 
lead to other non-renormalization theorems and give insights into the required operator 
matching. More generally one would like to explore further the relationship between the su- 
pergravity and string theory computations, to understand better the latter. In supergravity 
there is by now a deep understanding of the holographic renormalization used to remove 
infinite volume divergences and obtain rcnormalizcd correlators. The same volume renor- 
malization is also responsible for the finiteness of correlators in the string computations, but 
renormalization has not been systematically developed and applied in this context. More- 
over, in supergravity there is a natural geometric understanding of the connection between 
boundary conditions for bulk fields and dual operators, whilst in the string computations 
the relation proposed in [26] between worldsheet vertex operators and CFT operators is less 
well understood. Thus insights from the supergravity holographic computations may help 
to understand further the (successful) hypotheses used in the string computations. 
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